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1. Introduction 
In [5], it is shown that a domain is a Krull domain if and only if every nonzero 
prime ideal contains a t-invertible prime ideal. The purpose of this paper is to 
extend this result to rings with zero divisors; we will prove that a Marot ring is a 
Gull ring if and only if every regular prime ideal contains a t-invertible prime 
ideal. We will adopt Kennedy’s definition of Krul! rings [6]. So we do not assume 
that Krull rings are Marot rings while they are assumed so in [S]. From now on R 
will be a commutative ring with identity, whose total quotient ring will be denoted 
by T(R). R is called a Krull ring if there exists a family {(V, , P, ) 1 a E Z} of 
discrete rank one valuation pairs of T(R) with associated valuations (u, 1 a E Z} 
such that 
(1) R= n {V, 1 asI), and 
(2) u, ((u) = 0 almost everywhere on I for each regular element cy E T(R), and 
each Pa is a regular ideal of V,. 
The regular fractional ideals of R will be denoted by 9(R). For I E 9(R), I-’ is 
defined to be [R : I] = { 5 1 5 E T(R), SZ c R) . Within 9(R), the u-operation is 
defined in the usual way: ZV = [R: [R: Z]]. For ZE S(R), Z, is defined to be 
c (Zcj)" where I,, runs over the finitely generated regular ideals contained in Z. We 
say that Z is t-invertible if (II-‘), = R. Because c.f the difficulties in dealing with _ 
the u-operation and the t-operation on nonintegral do&ins, in most cases we will 
focus our interest on Marot rings. A ring R is called a Marot ring if every regular 
ideal is generated by regular elements. Many examples of Marot rings can be 
found in [I(]. Marot rings have nice properties, such as: 
(I) For Z E 9(R), I, = n {(RI SRzZ and (is a unit of T(R)}. 
(II) For I, J E F(R), (ZJ), = (ZJ), and (ZJ), = (ZJ,),. 
(III) For {Za} c s(R), Cc I,), = Cc (Za)v)u and (c ;,), = (c (I,),),. 
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A ring may not have a nonunit regular element. To avoid this peculiar case, we 
will always assume that R has at least one nonunit regular element, that is, 
R # T(R). Under this assumption we can show that a Marot ring always has a 
prime t-ideal; in fact, in any ring with the above property (II), a prime ideal 
minimal over a t-ideal is a t-ideal, which can be shown as in the domain case [3, 
Proposition 1.1(5)]. Moreover, each regular ideal is contained in a maximal 
t-ideal, which is always a prime ideal. Our general reference is [2]. 
2. Krull rings with zero divisors 
For a prime ideal P of R, we define R(P) to be Rs where S = R\(P U Z(R)). 
Then R(P) c T(R). For R an integral domain, R = n R, where M runs over the 
maximal t-ideals of R 14, Proposition 2.8(3)]. We have the analogous result for 
Marot rings. 
?.,emma I. If R is a Marut ring, rhen R = n ,,,,z,, R(M) where A is the set of all 
maximal t-ideals of R. 
Proof. Clearly D = n R(M) contains R. Conversely let x E D. Then J = R + 
XR E 9(R). By abuse of notation, let [R : J] = { 5 1 5 E R and &J C R}. Obviou+ 
ly, [R : J] is a regular integral ideal of R. Since R is Marot, J[ R : J] c R implies 
that J[R : J], c R. qo [R : J], c [R : J], and [R: J], = [R: I]. Thus [R: J] is a 
r-ideal of R. Now .I,, c D, = R, implies that 3p E R\M such that pJ c R, since J 
is finitely generated. So p E [R : J]\M, and [R : J] is not contained in any 
maximal t-ideal of R so that [R : J] = R. This implies that J c R, and x E R. So 
DcR. 0 
We define a ring to be a regular v-ring if every regular principal ideal is a 
product of prime ideals. In the following lemma, we give a characterization of 
regular m-rings. 
Lemma 2. If each regular prime ideal of R contains an invertible prime ideal, then 
every proper regular principal ideal is a product of prime ideals. 
Proof. Let N={f 1 fER[x], A,= R}. Clearly N is a multiplicative subset of 
R[x]. Moreover, N contains only regular elements. For otherwise, there exists 
f E N such that fg = 0 for some 0 # g E R[x]. Then bf = 0 for some b E R\(O) [2, 
Proposiiion 28.71 and this implies b = 0 since A, = R. Thus N n Z( R[x]) = fl and 
so we can regard R as a subring of R(x) = R[x], with respect to the canonical 
mapping. Now let S be the set (7 E R(x) 1 q $Z(R(x)), and qR(x) is a product of 
prime ideals of R(x)}. We claim that S contains every nonunit regular element of 
R. Suppose that some nonunit regular element a of R is not contained in S. Since 
S U (the units of R(X)) is a saturated set in R(s) and ~/?(A-) # R(s). we have 
aR(s) 17 S = 8. So there exists a prime ideal Q of 8(s) such that CT E Q and 
Q n S = 8. Since R E Q n R, Q 61 R is a regular prime ide$ kf‘ i -* 43~ assumption. 
Q n R contains an invertible prime ideal of R, my f. Then PR(_i) = fR(s) for 
some f E R[x] since every invertible ideai of R(s) is principal [ 1). Now f E S. 
However f E P[x] c Q c R(s)\& which contradicts that lr 2 S. Hence S contains 
every nonunit regular element of R. Let u be a nonunit regular eleme 
Then laR(x)=Q,-ell, where QE,...,Q,, are prime ideals sf R(s). Since 
Q E Qk n R for each each k, QI, n R is a regular prime ideal of R. l3y assumption, 
each Qk n R contains an invertible prime ideal of R, say Pk. Since f&R(s) and QA 
are invertible prime ideals of R(x), and P&x) C Qk, we get Pr. R(x) = Qn . So 
aR(x) = P, R(x) l l l P,, R(x) = P, l l l P,,R(s) . 
Contracting back to R, we get (a) = P, l l - P,, . q 
Lemma 3. Let R be a Marot ring and A the set 01‘ mw~~ ‘NJ ,w-i /it. ideals of R. If 
every proper regular principal ideal is a producr of prime ideal>, then R = 
Proof. Let b be a nonunit regular element of R. We claim that (b) = 
nPE, bR(P) n R. 
prime ideals of R. 
By assumption, (b) = P:’ - - l P,i where P, , . . . , 1”, are distinct 
Then 
P;’ l - l P?R(Pk) n R = PFE:(P,) n R = P;^ . 
The first equality follows from the fact that Pig Pk, if j # k, since PI ;Ind P, are 
invertible prime ideals and the fact tha; P, gPk U Z(R), since R is a MArot ring. 
The second equality follows from the fact that PF is a primary ideal. since P, is an 
invertible prime ideal [2, Theorem 7.6(b)]. If P E A\{ P,, . . . , P,), then Pf’ l - l 
PFR(P) n R = R, since P: g P U Z(R) implies that P: R( P) = R(P). So 
n (bR( P) n A) = P;' n - l l n Pzr = P;’ - - - Pzr = (b) . 
FE.1 
(Note that if A is invertible and B is primary such that 4 ~P~tdi4(!3), then 
A n B = AB.) Let a E T(R)\R where b is a regular elemcofif cf ‘q. T5; hn b is a 
nonunit of R. By assumption, (b) = PiI - l l I-‘zr hr $ome r~Irra~- I( _ L :a, f’, _ . , P, 
of R. By the claim, (6) = n PE, (bR(P) n R:. :~::x’e ? 521 . u@:V) n R for 
some PEA. So % eR(P). So T(R)\R c T(R)\ &, R(P) and R > n 3E, R(P). 
Hence R = n FE.1 R(P)* cl 
In the next lemma we show that if every regular prime ideal of a Marot ring is 
t-invertible, then every regulz t‘ ideal is t-invertible. 
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Lemma 4. Let R be a Marot ring. If every prime t-ideal of R is t-invertible, then 
every t-ideal is a t-product of prime t-ideals. 
fio&. Let S be the set of proper t-ideals of R which are not t-product of prime 
t-ideals of R. Suppose S # Q). Let { Ia }af,, be a chain in S. Then I = U a ,=, I, is a 
t-i&al of R. If I@, then I is t-invertible and hence I is of finite type. Then I = I, 
for some CY and this contradicts I $&S. So I E S. By Zorn’s lemma, S has a 
maximal element, say J. Sincf r E S, J is nat a prime ideal. So there exist a, b E R 
such that ab E J but a9 J, b $ J. Since J # R, either (1, a), # R or (J, b), # R, 
say (J, a), # R. By the maximality of J, (J, G),@. So (J, a), is t-invertible. Now 
(..!, b),(J, a), c ((J, b)(J, a)), c J implies that (J, b), c ((J, a)-‘J), 9 R. So J $ 
((J, a)-‘J), 4 R. By the maximality of J, ((J, a)-‘J),@. NOW J - 
((J, a),(J, a)-‘& (J, a),@ and ((J, a)?f),@S. So J$S, which contradicts 
J&S. Hence S=0. Cl 
Lemma 5. Let Q be a t-invertible prime ideal of a Marot ring R in which every 
regular prime ideal of R contains a t-invertible prime ideal. Then Q is a t-ideal if 
Q?R* 
Proof. Let a E Q be a regular element. Let P be a prime ideal minimal over (a). 
By assumption, P contains a t-invertible prime ideal, say P’. Let M be a maximal 
t-ideal containing Q. Then P,& C, P, C, (2,. Since P’ and Q are t-invertible, Pb 
and QM are principal prime ideals. So P,b = Q,, . Hence P,$ = PM = Q,,,. So 
P’ = P = Q. Therefore Q is a Gdeal since P is a t-ideal. 0 
Remark. It may bc true that in any ring A, any r-invertiole prime ideal P such 
that P, # R is a t-ideal. 
Now we prove the promised result. 
Theorem. Let R be a Marot ring. Then R is a Krull ring if (and only if) every 
regular ideal of R contains a t-invertible prime ideal. 
oof. By Lemma 1, R = n ME,, R(M) where A is the set of all maximal t-ideals 
of R. A typical regular prime ideal of R(M) is of the form PR(M) for some 
regular prime ideal P of R. By assumption P contains a t-invertible prime ideal, 
say Q. Then (QQ-‘), = R and so QQ-‘ZM for any MEA. So QQ-‘ZM U 
Z(R) since R is Marot. Let S = R\(M U Z(R)). Now (QQ-‘), = R,. SO 
QJQ-‘I, = X, (note that Q -’ c T(R) = T( R,) since S n Z(R) = 0). So Q, is an 
invertible ideai of R,. Thus we proved that every regular prime ideal of R, 
contains an invertibie prime ideal. By Lemma 2, every regular principal ideal of 
R, is a product of prime ideals of R,. By Lemma 3, R, = n4uE,1q R,(Ps), where 
1, is the set of invertible prime ideals of R,. Furthermore, these Ps’s are minimal 
among regular prime ideals of R,. So (P E Spec(R) 1 Ps E cs) consists of prime 
ideals of 6t which are minima1 among the regular prime ideals of R since 
S n Z(R) = 0. Hence each P such that Ps E rs is t-invertible. Now we claim that 
R,(P,) = R(P). Let T= (RJP,) n Z(R,)C, where Z(R,)C = R,\Z(R,). Then 
T = (R\P), n (Z(R)C),, where Z(R)’ = R\Z(R), since S n Z(R) = 0. NOW S = 
(R\M) n Z(R) c (R\P) n Z(R)C, 
S c (R\P) n Z(R)C. So 
so it follows that T= ((R\P) n Z(R)C), and 
Thus R,(P,) = (R& = R(P). 
Now 
R= n Rw)=nR,=n n R,(P,) ME.t S s PE IS 
=n n R(P)= n R(P). 
s PE[y PaJI:F 
s 
AS we have observed, each P E Us rs is t-invertible. Let r = U, &, then 
R=u PET R(P) and each P E r is r-invertible. 
We claim that each t-invertible prime r-ideal Q of R is a maxima1 t-ideal. Let 
xER\Q.ForanyP~r,(Q,x)~P.Otherwise(Q,x)~PforsomeP~T.Then 
P = Q, since Q C P are t-invertible prime ideals of R with P, = P. So x E P = Q, 
which contradicts x e Q. So (Q, x) g P U Z(R), since ( Q, X) is a regular idea1 of 
the Marot ring R. By 18, Proposition 32(i)], (Q. x), = n { tjR 1 &R 2 (Q, x) and 5 
is a unit of T(R)}, since R is Marot. So (Q, x), 2 Up.,. (Q, x)R(P), since 
U,,, R(P) = R. Note that (Q, x)R(P) = R(P), since (Q, x)gPU Z(R). So 
(Q, x), 2 U pEr R(P) = R. So (Q, x), = R. Now (Q. x), = (Q, x), since the t- 
invertible ideal Q is of finite type. Thus ( Q, x), = R for any x E R\Q. So Q is a 
maxima1 t-idea! of R. 
Let P be a prime t-ideal of R. By assumption, P contains a r-invertible prime 
ideal, say Q. Then Q is a t-ideal by Lemma 5. By the previous claim, 62 is a 
maxima1 t-ideal. So P = Q. Therefore P is t-invertible and so every prime t-ideal 
of R is t invertible. By Lemma 4, every t-ideal is a t-product of prime t-ideals of 
R. Hence every t-ideal is t-invertible. Hence every regular idea1 is t-invertible. SO 
every regular r-ideal is of finite type and the class of divisorial ideals forms a 
group. By [6, Proposition 1.11, R is completely integrally closed. Clearly R 
satisfies the ascending chain condition on divisorial ideals and therefore R is a 
Krull ring by [7]. III 
Remark. After showing that Q is a maximal t-ideal in the above proof, we can 
also proceed in the following way: Every prime t-ideal P of R is a maximal f-ideal, 
a minimal t-ideal and P is t-invertible. So R(P) has a unique regular prime ideal 
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PR(P) which is principal. Using Lemma 4, we can easily show that R(P) is a rank 
one discrete valuation ring. Also by Lemma 4, each principal regular ideal (a) is 
of the form (a) = (P, l l - P,Jr for some prime t-ideals P, , . . . , P,, . So R = 
n p R(P) is a locally finite intersection and hence R is a Krull ring. 
Corollary 6. Let R be a Marot ring. Then R is a Krull ring if and only if R has the 
property: For each regular element a of R, there exist prime ideals P, , . . . , P,, such 
that (a) = (P, 8 9 l P,, )I. 
Proof. (e) This follows from the theorem. 
(+) By [6, Proposition 2.21, R is completely integrally closed and it satisfies the 
ascending chain condition on divisorial ideals. So every regular ideal is t-invertible 
and the conclusion follows from Lemma 4. 0 
Curollary 7. Let R be a Marot ring. Then R is a Krlrll ring if and onZy if every 
regular prime ideal is t-invertible. Cl 
From [6] and [7], it follows that a ring is a Krull ring if and only if it is 
completely integrally closed and it satisfies the ascending chain condition on 
divisorial ideals. Thus many, but not all, results about Cull domains hold for 
Krull rings. We close this paper with a question which is true for the domain case. 
Question. Is a ring R a Krull ring if each regular principal ideal is of the form 
(P 1 l 9 l P,I ), for some prime ideals P, , . . . , P,, of R? 
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